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(3JQf Abstract. We study dg-manifolds which are R[2]-bundles over R[l]-bundles 

^ _ over manifolds, we calculate its symmetries, its derived symmetries and we 

introduce the concept of T-dual dg-manifolds. Within this framework we con- 
struct the T-duality map as a degree -1 map between the cohomologies of the 
T-dual dg-manifolds and we show an explicit isomorphism between the dif- 
ferential graded algebra of the symmetries of the T-dual dg-manifolds. We 
furthermore show how the algebraic structure underlying B n generalized ge- 
ometry could be recovered as derived dg-Leibniz algebra of the fixed points 
of the T-dual automorphism acting on the symmetries of a self T-dual dg- 
manifold, and we show how other types of algebraic structures underlying 
exceptional generalized geometry could be obtained as derived symmetries of 
certain dg-manifolds. 



1. Introduction 

Generalized complex manifolds and Dirac structures are geometric structures 
defined in 

nam 

and Q respectively, which among other things, provide a unified 
framework on which symplectic manifolds, Poisson manifolds, complex manifold 
and certain types of foliations can be treated in a uniform way. 

The algebraic structures underlying these geometries are the so called the Exact 
Courant algebroids. These algebroids are split extensions of the tangent bundle 
by the cotangent bundle, and are endowed with a Leibniz bracket known as the 
Courant-Dorfman bracket. Dorfman Q in its original construction, obtained the 
Courant-Dorfman bracket by applying the derived bracket procedure to a 4-tiered 
differential graded Lie algebra associated to vector fields, functions, 1-forms and 2- 
forms. It was noted by Severa that the construction of Dorfman could be recovered 
and generalized to the twisted case by performing the derived bracket procedure to 
the differential graded Lie algebra of symmetries of an R[2]-bundle over T[1]M in 
the language of dg-manifolds (cf. 16]), and it was in this framework of dg-manifolds 
that the third author [18| explored the conditions under which a Lie group action 
on a manifold could be lifted to an action on an exact Courant algebroid 

In recent works in string theory (llL [l4[ it has been proposed to consider a 
geometric structure called exceptional generalized geometry, structure similar in 
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nature to the geometry of generalized complex manifolds in the sense that incor- 
porates vector fields and differential forms of higher degree, to study backgrounds 
on eleven-dimensional supergravity. The underlying algebraic structure of this ex- 
ceptional generalized geometry was further studied in 1] where it is described how 
this structure can be obtained from a certain simple Lie algebra, and at the same 
time describes other related types of algebraic structures coming from other sim- 
ple Lie algebras. Motivated by the relation developed by Severa between Exact 
Courant algebroids and the derived symmetries of R[2]-bundles over T[1]M, in this 
work we investigate how to obtain the algebraic structures defined in [l| as derived 
constructions from the symmetries of particular dg-manifolds. 

One of the exceptional Generalized geometries introduced in |l| under the name 
of B n generalized geometry lives on the bundle TM ©R©T* M and can be twisted 
by a pair of a closed 2-form F and a 3- form H satisfying dH + F A F = 0. Now, 
since the structural constants which define a R[2]-bundle over a R[l] -bundle over 
T[1]M are closed 2-forms F and F and a 3-form H satisfying dH + F A F — 0, we 
note that the "B n generalized geometry" should be related to the symmetries of 
"self dual bundles" , namely the ones on which F = F, this basic observation is the 
basis of this investigation. 

Let us describe what we accomplish in this work. We start by reviewing the 
basics on dg-manifolds and on M[n] -bundles over dg-manifolds. Then we study Un- 
bundles over R[f ]-bundles over T[1]M and we find that the structural constants of 
these bundles are closed 2-forms F and F and a 3-form H satisfying dH + F AF = 
making the vector field d + Fd q + (H + qF)dt homological. Then we note that since 
the equations on F and F are symmetric, we see that the homological vector field 
d + Fd q + (H + qF)dt defines another R[2]-bundle over another R[l]-bundle and we 
remark that this construction is completely analoguous to the original construction 
of topological T-duality for circle bundles; hence it is natural to call the two resulting 
dg-manifolds T-dual. We follow the construction of the T-duality isomorphism in 
twisted cohomologies done in [3j and we put it in the framework of dg-manifolds; 
we obtain a degree -1 map between the complexes that calculate the cohomology 
of the T-dual dg-manifolds, and we show that this map fits on the right hand side 
of a short exact sequence of complexes where the left hand side is given by the 
inclusion of the De Rham complex of M into the complex of the first dg-manifold. 
This degree -1 map, in cohomology of degrees greater than the cohomology of M, 
produces an isomorphism and in particular it induces the known isomorphism in 
twisted cohomology for the T-dual pair, this is Theorem 13.31 

Then we proceed to explicitly calculate the symmetries and its derived sym- 
metries of R[2]-bundles over R[l]-bundles and we show that the symmetries and 
the derived symmetries of T-dual pairs are isomorphic through a simple map that 
switches tangent information with cotangent information, this is Theorem 14.41 We 
note in Corollary 14.51 that this isomorphism provides an alternative proof for the 
T-duality isomorphism al the level of the Courant algebroids for dual pairs carried 
out in [5j. 

Then we find that the algebraic structure underlying B n generalized geometry 
in the sense of Baraglia [l| can be obtained from a self T-dual dg-manifold by 
looking at the derived symmetries fixed by the T-duality automorphism, this is 
Theorem 14.61 This in particular implies that the B n generalized geometry embeds 
into the generalized geometry of the principal R[l] -bundle that the curvature form 
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F defines. We finish by giving an alternative description of the underlying algebraic 
structure of Eq generalized geometry as the derived symmetries of a R [6] -bundle 
over a R [3] -bundle over T[1]M. 

The results of this paper seem to support the general intuition (observed by 
many people, including Nigel Hitchin) that generalized geometry seems to be a way 
to encode a sort of poor man's super-geometry, as dg-manifolds are enriched form 
of super-manifolds. 

2. R[n]-BUNDLES ON DG-MANIFOLDS 

2.1. dg-Manifolds. Let us start with some notational conventions. Let M be a 
differentiable (super)manifold and let us denote its sheaf of smooth functions by 
CV- For P = {Pk}k£i a graded vector bundle over A/", S(P) will denote the the 
sheaf of graded commutative CV-algebras freely generated by P; the locally ringed 
space (Af,S(P*)) will also be denoted by P where P* is the dual vector bundle. 
For an integer k, P[k] denotes the shifted vector bundle with P[k]i := Pk+i- To 
keep the notation simple, we will usually denote a vector bundle and its O-module 
of sections with the same symbol. 

Definition 2.1. A (non- negatively) graded manifold is a locally ringed space V — 
(AT,O v ), which is locally isomorphic to (U, O v ® S(P*)), where U C R m|r is an 
open domain of N and P = {Pi}- n <i<o is a finite dimensional negatively graded 
(super)vector space. The number n is called the degree of the graded manifold P. 

The global sections of V will be called the functions on V and they will be 
denoted by C*(V), and the derivations of C*(P) will be the vector fields of V and 
they will be denoted Vect*(7- > ). 

Definition 2.2. A differential graded manifold (dg-manifold) is a graded manifold 
V equipped with a degree 1 vector field Q of Vect 1 ('P) satisfying [Q, Q]/2 = Q 2 = 
(a homological vector field). 

Morphisms of dg-manifolds are morphisms of locally ringed spaces respecting the 
homological vector field. We recommend , [lH for an introduction to the theory 
of differential graded manifolds. 

A dg-manifold over a point of degree n is the same as an L°°-algebra of degree 
n, also called Lie n-algebra. A dg-manifold of degree n is what is known as a "Lie 
n algebroid". 

2.1.1. Manifolds. For M a manifold let us consider the graded manifold T[1]M, 
whose algebra of functions is the algebra of differential forms 

C*(T[1]M) = Q'M, 

and endow it with homological vector field 

d — dx l — — , 

OXi 

the degree 1 derivation which is the De Rham differential. Let us denote by 

M = [T[l]M,d) 
the image of M in the category of dg-manifolds 
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2.2. K[n]-bundles. A M[n]-bundle over the dg-manifold N = {Oj^, Qtf) consists 
of the graded manifold Otf © K[n] together with a choice of derivation of degree 1 

Qm + Odt 

of the algebra of functions 

C*(0#)®S[t] 

that satisfies the Maurer-Cartan equation, i.e. Qn@ = 0. Here is a function of 
degree n + 1 of J\T and S[t] denotes the symmetric graded algebra generated by the 
parameter t whose degree is n. 

2.2.1. R[l]-bundles over T[l]M . A R[l]-bundle over the dg-manifold M is given by 
the graded manifold T[1]M©M[1] together with a choice of homological vector field 
that lifts d. The algebra of functions of T[1]M © R[l] becomes 

C*(T[l]M © M[l]) = n'M <g> A[q] 

where q is a variable of degree 1. A generic choice of derivation of degree 1 which 
lifts d is given by 

d+Fd q 

where F is a 2-form on M, and this derivation becomes homological if it satisfies 
the Maurer-Cartan equation 

[d + Fd q , d + Fd q } = 0; 

which is equivalent to saying that dF = 0. So, any choice of closed 2 -form will 
define a K[l]-bundle over A4. Let us denote this dg-manifold by 

n := {T[1]M ®M[l],d + Fd q ). 

2.2.2. Relation to principal S 1 -bundles. Let S 1 —¥ R —> M be a principal S 1 bundle 
and denote by 9 £ ^R any connection 1-form and by F £ Q 2 M the associated 
curvature form; we have that dn9 — 7r*_F, where dn denotes the De Rham differ- 
ential in R. Consider also the dg-manifold TZ := (T[1]M © R[l],d + Fd q ) where F 
is the curvature 2-form of the 5 1 -bundle 

We claim that 

Proposition 2.3. Consider the principal bundle S 1 — > R A M, then the map of 
graded algebras 

j : n'M ® A[q] -+ fl'R 

u! + qu>i i y tt*ojq + 0it*lui 

induces a quasi-isomorphism 

j : (Sl'M ® A[q],d M + Fd q ) -> {STR, d R ) 

Proof. Let us prove first that the map j is a morphism of complexes, on the left 
hand side we have that: 

dn(j(oJo + qui)) = d R {-K*uj + 0tt*uji) 

= dnX^uo) + 7r*F7r*wi - 6d R (ir*uji) 

— TT*(dMU ) + TT*FTT*UJl — 0TT*(dMUl), 
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while on the right hand side we can write: 

j(d M + Fd q (ujQ + qui)) = j(d,MWo + Fuji - qdnuji) 

— TT*(d,MWo) + ir*Fir*LJi - Ott* (cZjwwi) , 

hence cLr o j = j o (djst + Fd q ). 

Let's consider the filtration via a good cover on M that induces the Serre spectral 
sequence of the fib-ration S 1 — > R — >• M and which converges to H*(R), let us denote 
this spectral sequence by E r ' . Let's consider a corresponding filtration associated 
to W M<S>A[q] via the same open sets, which converges to H* (CI* M<g>A[q], d,M +Fd q ); 
denote this spectral sequence by E pq . Since the nitrations are obtained via the same 
open sets, we have that j induces a map of spectral sequences 

The second page of E is equal to 

E™ = H p {M)®A[q] 

and since the fundamental group of M acts trivially on H*(S 1 ), we have that 

E P 2 q =H p {M)®H q (S 1 ). 

The map j induces an isomorphism of the second pages of the spectral sequences, 
and therefore it induces an isomorphism of the infinity pages. Since the complexes 
are bounded, the map j induces an isomorphism of the cohomologies 

j : H*(Q'M (8 A[q],d M + Fd q ) 4 H*{R). 

□ 

2.2.3. R[n}-bundles on T[1]M. A IR[7i]-bundle over T[1]M is determined by a closed 
n + 1 form g ri™j +1 M making the derivation 

d+Odt 

of the algebra of functions Vt'M ® S[t] homological. 

In view of the result of Proposition 12.31 we should think of the dg-manifold 

{T[l]M®R[n],d + ed t ) 

as the analogue of a principal K(Z, n)-bundle K (Z, n) — > P — ► M over the manifold 
M. Since we do not have a reasonable model for the differential forms for K (Z, n) 
for n > 2, we cannot proceed as in said proposition. Instead, we could think of 
the dg-manifold (T[1]M © R[n], d + Qdt) as a rigid model for the differential forms 
on P, provided that the differential form O has integral periods. In particular, we 
should think that the cohomology 

H*(Sl m M®S[t],d+9dt) 
calculates the cohomology of the total space P. 
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2.2.4. R[2}-bundles on T[1]M and twisted cohomology. A K[2]-bundle over T[1]M 
is the dg-manifold 

V = (T[1]M © K[2], Q v = d + Hd t ) 

for H a closed 3-form on M . The cohomology of V is the cohomology of f2*M® M.[t] 
with respect to the differential d + Hd t where t is a variable of degree 2, denote 
this cohomology by 

H*(V) = H*(CTM ®R[t],d + H8 t ). 

A fiber-wise gauge transformation is given by a the degree vector field Bd t 
where B is any 2-form on M, transforming the homological vector field by 

d + Hd t >-> (d + Hd t + [d+ Hd tl Bd t ]) =d+(H + dB)d t . 

The map 

e Bdt : fi'M ® R[t] O'M ® E[t] 
induces an isomorphism between the dg-manifolds 

e Bd t . v i 4 v 

where P' = (T[1]M©1[2], d+{H+dB)d t ), and therefore it induces an isomorphism 
in cohomologies 

e Bd t . H *y>t) 4 H*(P). 

For a closed 3-form iJ, the H- twisted cohomology of M is defined as the coho- 
mology of the Z/2-graded complex f2 ev,od M, with respect to the differential d+HA, 
and this cohomology is defined by 

H ev,od( M . H j = H*{fl ev - od M, d + HA). 

Similarly, the map e BA : Q ev > od M — > Q ev - od M produces an isomorphism of 
twisted complexes 

€ ba . (Qe„,od M) d+ ( H + dB)A) 4 (Q ev ' od M, d + HA) 

inducing an isomorphism 

H ev ' od (M; H + dB) = H ev > od {M; H). 

We claim 

Proposition 2.4. Let d be the dimension of M and consider a closed 3-form H 
on M. Let 

V = (T[l}M®R[2},d + Hd t ) 

be the associated dg-manifold and let 

H ev ' od (M; H) = H*(n ev ' od M, d + HA) 

be the twisted cohomology of M twisted by H. Then there are isomorphisms of 
groups 

H ev (M; H) = H 2k (V), H od (M; H) = H 2k+1 (V) 
for any k provided that the degree 2k or 2k + 1 respectively, is greater than d. 
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Proof. Consider the homomorphism of vector spaces given by the rescaling 

(f> : n'M <8> R[t] ->• fl ev ' od M 

tot k i-> fc! • w, 

and note that preserves the Z/2 grading. 
Since 

0((d + Hd t )ut k ) = 4>{duot k + kHLut*- 1 ) = k\{duj + Hu) 

we see that 

((d + HA)4>(ut k )) = 4>{{d + Hd t )ut k ), 

provided that k > 1. 

If we denote by (V) the homogeneous forms on f2*M <g) R[t] of degree j, we 
see that the map 4> induces a map of complexes 

<jy : (C* >d (V),d + Hd t ) (ft et, ' od M, d + HA). 

and moreover it induces an isomorphism of vector spaces 

4>:C 2k {V)^Vt ev M C 2k+1 {V) 4 n od M 

provided that 2k > d. 

We conclude that the induced maps on cohomologies 

<(> : H 2k {V) 4 H ev (M, H), <f> : H 2k+1 (V) 4 H od (M, H) 

are isomorphisms whenever 2k > d for the left hand side and 2k + 1 > d for the 
right hand side. □ 

As a corollary we have that the cohomology of V becomes periodic for degrees 
greater than the degree of the manifold M, that is 

H j (V) = H J+2l (P) for l>0 and j > dim(M). 

Remark 2.5. The H- twisted cohomology 

H*(M,H) 

could be understood as the cohomology of the dg-manifold 

V = (T[l]M®R[2],d + Hd t ) 

for degrees greater than the dimension of the manifold M. This simple remark 
explains the somewhat puzzling fact that one sometimes encounters in which some 
twisted cohomologies are zero in even and in odd degrees. This fact is explained 
away by noting that the cohomology of the associated dg-manifold V is zero for 
degrees greater than the degree of the manifold, nevertheless this does not say 
anything with respect to the cohomology of V in lower degrees. 

For example, when M = S 3 and H is a volume form for the sphere, we have 
that H*(S 3 ,H) = in both degrees. This means that the cohomology of V = 
(TflJ^ 3 © K[2], d + Hd t ) is zero for degrees greater than 3; and this can be easily 
checked since the cohomology of V is 

H a (V) =R and H* >0 (V) = 0. 

With this setup in mind, most of the properties that twisted cohomology satisfy 
follow from the properties that ordinary cohomology satisfies. Hence the twisted 
cohomology becomes a Z/2-graded cohomology theory satisfying the axioms of a 
generalized cohomology theory. 



8 ERNESTO LUPERCIO, CAMILO RENGIFO AND BERNARDO URIBE 

2.2.5. Integration on the fibers on M[n]-bundles for n odd. Let n an odd positive 
integer and consider the R[n]-bundlc 

U = (TV © R[n],Q n = Qu + ®d q ) 

over the dg-manifold (A/", Qjv) where q is an odd variable of degree n, and 8 is 
a function of TV of degree n + 1 such that QaaO = 0; denote the bundle map 
p : 11 ->■ TV. 

Denote by the pushforward map 

p: C*(/V) ® A[g] -+C*(TV) 

J? 0, 

where co and 77 are functions on TV and note that it is a degree — n map from C*(1Z) 
to C*(TV) and moreover that p» is a map of complexes, i.e. 

P* ° = Qa^ 
Therefore we have that the pushforward 

p* : (M 8 R[n], Q w = Qaa + -> (TV, Q^v) 

is a map of dg-manifolds of degree — n and therefore it induces a map of degree — n 
on the cohomologies 

p* : H*(K, Q N + ed q ) -> F*-"(TV, Qaa) 
associated to the dg-manifolds. 

3. M[2]-BUNDLES OVER R[1]-BUNDLES OVER T[1}M AND T-DUALITY 

Let K = (T[1]M © R[l], = ^ + be a K[l]-bundle over T[1]M. 

A K[2]-bundle over the dg-manifold TZ is given the graded manifold (T[1]M © 
K[l]) © R[2] together with a choice of homological vector held that lifts d + Fd q . 
The algebra of functions of (T[1]M © R[l\) © R[2] becomes 

C*((T[1]M © K[l]) © R[2]) = Q m M O A[q] ® R[t] 

where t is a variable of degree 2. A generic choice of derivation of degree 1 which 
lifts d + Fd q is given by 

d + Fd q + (H + qF)8 t 

where H is a 3-form on M and F is a 2-form on M, and this derivation becomes 
homological if it satisfies the Maurer-Cartan equation 

[d + Fdq + (H + qF)d t ,d + Fdq + (H + qF)d t ] = 0. 

This last equation is equivalent to the equations 

dF = 

dF = 

dH + F A F = 0. 

So, a closed 2 -form F on M such that the cohomology class [F A F] = vanishes, 
together with a choice of 3 form H which makes F A F exact i.e. 

dH + F A F = 
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will define a M [2] -bundle over 1Z. Let us denote this dg- manifold by 

V := ((T[1]M © R[l]) © K[2], d + F9 9 + (H + qF)d t ). 

Remark 3.1. Note that the 3-form H + qF is automatically closed under the 
differential d + Fd q since this differential is the one that defines the structure on 
K: 

(d + Fd q )(H + qF) = dH + F A F + qdF = 0. 

3.1. Gauge transformations. In order to find when two homological vector fields 
on (T[1]M K[l]) 8 K[2] are homologous, we calculate the bracket 

[d + Fd q + (H + qF)d t , C x + Ad q + (B + qF~A)d t ] 

for A and A 1-forms, B a 2-form and Cx the Lie derivative of a vector field X of 
M; the element 

C x + Ad q + (B + qA)d t 
is a generic derivation of degree of fl'M A[q] ® The bracket becomes 

[d + Fd q + (H + qF)d u C x + A0 q + (B + qA)d t ] = 

{dA - C x F)d q 
+(dB - C X H + F A A - A A F)d t 
-q(dA + C x F)d t 

which implies that the homological vector fields 

d + Fd q + (H + qF)8 t 

and 

d + (F + dA - C x F)d q + {H + dB- C X H + F A A- A A F + q(F - dA- C x F))d t 
are homologous. 

3.1.1. Fiber-wise gauge transformations. In the particular case on which X = 
we get that the gauge transformation defined by A, A and B, via the degree 
derivation Ad q + (B + qA)d t , transforms F, F and H in the following way: 

F^ F + dA 

H^H + dB + FAA-AAF 
F^F-dA. 

3.2. T-duality. In this section we will write the T-duality construction in the 
language of dg-manifolds. We recover the isomorphism of twisted cohomologies of 
the dual pairs by producing a degree -1 morphism between the cohomologies of 
the dual dg-manifolds. We believe that this alternative point of view might be of 
interest. 
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3.2.1. Consider the R[l]-bundle over M = (T[1]M, d) 

£ = (T[1]M © R[l], Q £ = d + Fd q ) 

where F is a closed 2-form on M and q is a variable of degree 1. Recall from 
Proposition 12.31 that if F is the curvature form of a circle bundle E — > M then 
there is a canonical isomorphism H*{£) = H*(E). 
Consider the M [2] -bundle over £ 

V = ((T[1]M © R[l]) © R[2], Q v = d + Fd q + (H + qF)d t ) 

where H + qF is a closed three form on £ ; hence we have that F is closed and 
dH + FF = 0. 

Since the equations dF = = dF and dH + FF = are symmetric on F and 
F, we can consider the R[l]-bundle 

£ = (T[1]M © R[l], Q E = d + Fd q ) 

together with the R [2] -bundle over it 

V = ((T[l]M9R[l])eR[2],Qp = d+ Fd q + (H + qF)d t ). 
Denote by £ x^vi £ the dg- manifold 

£x M £= (T[1]M © R[l] © R[l], Q SxM g = d + Fd q + Fdq), 
note that this dg-manifold fits in the pullback of the diagram: 



£ x M £ 




M 



and consider the pullbacks of the R[2]-bundles V^V to £ Xm £ which become the 
dg-manifolds 

P *P = ((T[1M © R[l] © R[l]) © R[2],Q P , V = d + Fd q + Fd q + (H + qF)d t ) 
p*p = ((T[1M © R[l] © R[l]) © R[2], Q rP = d + Fd q + Fd q + (H + qF)d t ). 

Since the 3- forms (H + qF) and (H + qF) are cohomologous in £ x £ via the 
2-form qq, i.e. 

(H + qF) - (d + Fdq + F8q)(qq) = (H + qF), 
we have that the degree map 

e qqdt : VL'M ® A[q, q] ® R[t] 4 fi'M © A[q, q] © R[t] 
induces an isomorphism of dg-manifolds 
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M 

where p and p denote the corresponding maps of dg-manifolds, and the dotted 
arrow corresponds to the vertical gauge transformation defined previously. 

Consider the map of complexes a la Fourier-Mukai, which is the composition of 
the maps 

C*{V) ^ C*(p*P) C*(p*P) C*(P)[1] 
where the pushfoward map p* is the one that was defined in section 12.2.51 and 
C*{P)[l] k = C k - 1 (V) . Denoting the composition by 

T := p, o e™ dt o p* 

we get that the map 

T : (C*(V),Q V ) ^ (C*(P)[l],Qp) 

is a map of complexes. 

Definition 3.2. The pair of dg-manifolds (£, V) and (£, P) over Ai are said to be 
T-dual and they satisfy the usual relations 

TT,(H + qF)=F 

n*{H + qF)=F, 

The map of complexes of degree -1 

T : (C*(V),Q V ) ^ (C*{P)[l],Qv) 
is called the T-duality map. 

Theorem 3.3. Let (£,T) and (S,P) be a T-dual pair of R[2]-bundles over M[l]- 
bundles over M . Then the T-dual map 

T : (C*(P),Q P ) ^ (C*(P)[l],Qp) 

fits in the short exact sequence of complexes 

— ► (fi*M,d) -4 (C*(V),Q r ) -A (C*(P)[1],Q P )^0 

and therefore it induces a long exact sequence in cohomologies 

-> H k (V, Qv) H k ~ 1 (P, Qp) -> H k+1 M -> H k+1 (V, Qv) H k (P, Qp) 

In particular when k > dim(M) the T-dual map induces an isomorphism in coho- 
mologies 

T:H k+1 (V,Q v )^H k (P,Qp). 
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Proof. Let us calculate explicitly the map T for generic elements of the form ujV 
and qrjt 1 for u> and rj differential forms on M. We have that 

T(wt>) = p*(e™ di (L)t j )) = p*(wi J + jqquti- 1 ) = (-l^jqurf- 1 

T(q V t l ) = P^e^iqvt 1 )) = p*(qrit l ) = (-l)l'V 

and therefore T(u>) — for u> a differential form on M. Therefore 

ker(T) = Q*M 

and since Qv restricted to tt*M is precisely the De Rham derivation, we have the 
desired short exact sequence of complexes 

— ► (n*M,d) ^ (C*(V),Q V ) A (C*(P)[l],Qp) — > 0. 
The connection homomorphism 

is defined as follows: take a cocycle representing the cohomology class in H k ~ 1 (P, Qp) 
and write it as 

i>0 

Then 

since we have that T((— ly^quio) — ujq and the restriction of 

{d + Fd q + {H + qF)d t ){{-l)^quJ ) 

to Q*M is precisely (-1)1"° I Fw . 

The connection homomorphism is trivial whenever |cl>o| + 2 is greater than the 
dimension of the manifold. Therefore we have that for k > dim(M) the T-dual 
map induces an isomorphism in cohomologies 

T : H k+1 (V,Q V ) 4 H k (P,Q p ). 

□ 

Applying Proposition 12.41 to the dg- manifolds £ and £ we obtain the T-duality 
isomorphism in twisted cohomologies that was proven in 0, 0] • 

Corollary 3.4. Let (£,V) and (£,P) be a T-dual pair of R[2]-bundles over K[l]- 
bundles over M . Then the T-dual map induces an isomorphism of degree -1 of the 
twisted cohomologies 

H ev ' od (£, d + Fd q + {H + qF)A) 4 H od ' ev (£, d + Fd q + (H + qF)A) 

Here we should recall that Proposition 12.31 tells us that in the case that F is 
the curvature form of a ^-principal bundle E —> M, then the complex C*{£) is 
quasi-isomorphic to 57* E, and therefore the twisted complex 

(C*{£),d + Fd q + (H + qF)A)) 

is quasi-isomorphic to the twisted complex 

(STE, d E + {H + 9F)A) 
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where 6 is a choice of connection 1-form of the 5' 1 -bundle with curvature F. This 
previous argument has as a corollary the usual T-dual isomorphism for the twisted 
cohomology of T-dual pairs 0, Q . 

3.3. Topological interpretation. Recall that the rational homotopy of the Eilenberg- 
Mclane spaces K(Z, n) is equivalent to the graded symmetric algebras S[z] gener- 
ated by one variable of degree n i.e. S[z] is a polynomial algebra if n is even and is 
an exterior algebra if n is odd. 

Then we should think that the analogue in the category of topological spaces 
of a R[rt]-bundle over a dg-manifold is a K(Z, n)-bundle over a space. Recall that 
K(Z,n) = B n ~ 1 S 1 and that if A is an abelian group, then BA can be endowed 
with the structure of an abelian group. This means that the model B n ~ 1 S 1 endows 
the Eilenberg-Maclane spaces with an abelian group structure and therefore it is 
plausible to work with principal K(Z, n)-bundles. 

The analogue of the construction done in the previous section should be under- 
stood as a principal -ftT(Z, 2)-bundle P over the total space of a principal S^-bundle 
E over the manifold M . The closed 2-form F on M should be thought as the curva- 
ture of the principal bundle E, the variable q should be thought as the connection 
1-form on E, and the 3-form H + qF on E should be thought as the curvature of 
the gerbe that classifies the K(Z, 2)-bundle. Again, note that the form H + qF is 
closed under the differential d + Fd q if and only if dH + FF = and dF = 0. 

4. Symmetries of R[ti]-bundles 

4.1. Symmetries of dg- manifolds. Recall that a homological vector field Q on 
the graded manifold P is the same as a Maurer-Cartan element on the graded Lie 
algebra Vect*(P). Then any vector field a € Vect°(P) of degree may define 
another Maurer-Cartan element by taking the action on Q of the exponential of 
the adjoint action of a 

Q i y eS^Q :=Q+ [a, Q] + ha, [a, Q]] + • • • 

whenever we know that the series above converge. The infinitesimal version of this 
action is given by the adjoint action of a on Q and therefore the action is trivial 
whenever [a, Q] = O.We say then that the infinitesimal symmetries of the Maurer- 
Cartan element are given by vector fields a of degree such that the adjoint action 
of a on Q vanishes, i.e. [a, Q] = 0. Note that these infinitesimal symmetries of Q 
become a Lie algebra with respect to the brackets of Vect°(P), as we have that for 
ot\ and «2 commuting with Q, the equality [[ai, a%], Q] = follows from the Jacobi 
identity and the fact that Q is a homological vector field. 

Furthermore note that for any vector field (3 of degree -1, the degree vector field 
[f3, Q] commutes with Q (again because of the Jacobi identity) and therefore it gives 
an infinitesimal symmetry of Q. This means that we have to see the symmetries 
of the dg-manifold P as a differential graded Lie algebra, where the differential is 
defined by the operator [Q, _] and the bracket is the one for vector fields. 

Definition 4.1. Let P be a dg-manifold with homological vector field Q. The 
(infinitesimal) symmetries of the dg-manifold P with homology vector field Q is 
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the differential graded Lie algebra srjm*(P, Q) with 

f Vcct 9 (P) for q < 

st)m q {P,Q)=< {a G Vect°(P)|[a,Q] = 0} for q = 
[ for q > 

whose differential is [Q, _] and the bracket is the bracket of vector fields. 

4.1.1. The derived algebraic structure. To any negatively graded differential graded 
Lie algebra there is an associated dg-Leibniz algebra (see [13] for the explicit con- 
struction and also [H E2, H3, HI H ) ■ 

Definition 4.2. The derived dg-Leibniz algebra Dsrjm*(P) of srjm*(P, Q) is the 
complex 

Dsrjm* (P,Q) := sr,m* <0 (P, Q)[l] 
together with the differential S :— [Qp,_] and the derived bracket 

[a,b\ := (-l)W[[Qp,a],6]. 

It is a fact that Dsrjm*(P, Q) becomes a dg-Leibniz algebra; namely that 5 and 
|_, J satisfy the properties 

S[a,b\ = [5a,b\ + (-l)^[a,Sb\ 

[a,[b,c\j = l[a,b\,c\ + (-l) Mm [b,[^c\\ 

where ||a|| denotes the degree of a in Dsrjm*(P, Q), and therefore ||a|| = \a\ + 1 
where \a\ is the degree of a in srjm*(P, Q). 
Note that there is a canonical graded action 

stjm*(P,Q) x Dsrjm*(P,Q) -> Dsrjm* (P,Q) 
fl'iiH [a, 6] 

whose properties follow from the fact that [Q, _] and [, ] form a differential graded Lie 
algebra. In particular note that since the elements a G St)m°(P, Q) satisfy [Q, a] = 0, 
then 5tjm°(P, Q) acts by derivations on the Leibniz algebra (Dsrjm°(P, Q), |_, J )■ 

4.2. Symmetries of R[n]-bundles over T[1]M. Let P. = (T[1]M © M[n], Qr = 
d + 0<9 t ) be a R[n]-bundle over A4 where 6 € f2"j +1 Af and i is a variable of degree 
n. Since the bracket of Qn with a generic degree vector field gives 

[d + Od t ,£x + Bd t ] = (dB - C x Q)d t 

then the degree symmetries of 1Z is the Lie algebra 

srjm°(P, Q n ) = {C x + Bd t \X e XM, B G fi"M and (dB - C X Q) = 0}, 

and the negatively graded symmetries are 

sxymT l (ll,Q n ) = {i Y + Ad t \Y G XM and A e Q n_1 M} 

st)m- k (TZ,Qn) = {vdt\v G W l ~ k M} for fc > 1. 

The differential in srjm*(P, Qn) becomes 

[Qn,C x +Bd t ] = 

[Q w , + Ad t ] = C x + (dA + i X Q)d t 

[Qn,vdt] = (drj)d t , 
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and the brackets become 

[£x + B d t ,C Xl + Bidt] = £[x ,xi\ + {CxqBi — C Xl Bo)d t 
[£ x + Bd t , i Y + Ad t ] = t [XY] + (C X A - L Y B)d t 
[£ x + Bd t , V d t ] = (£ X T ] )d t 
[i Ya + A d t , Ln + Aid t ] = (ty Ai + L Yl A )d t 
[i X +adt,r]d t ] = {i X T])dt. 

Note that when the n+1 form = 0, the differential graded Lia algebra structure 
defined above is the same one that was defined by Dorfman in 

4.3. Derived symmetries of M[n] -bundles over T[1]M. The derived dg-Leibniz 
algebra of the M[l]-bundle 1Z over M. is 



Dstjm* (11, Q n ) = 



XMtsn^M if fc = 



where the differential [Qiz, -] becomes the De Rham differential 

fl°M A U tt n - 2 M -A XM © fT^M, 

and the brackets are given by the formulas 

[l Xo + A d t , i Xl + Aid t \ = i\x ,Xi) + (£x Ai - i Xl dA - l Xi l Xo Q) d t 
[l x + adt,i]d t \ = £ x r/d t 
[rjd t ,L X + Ad t ] = -{L X drj)d t 
\pd t ,r}dt\ = 0. 

4.3. f. Derived symmetries of -bundles. The derived symmetries of (T[1]M © 
R[l], d + Fd q ) is simply the Lie algebra (XM © C°°M, [, J ) where the bracket is 

[X © /, Y © g\ = [X, Y] © (X(g) - Y(f) - l x l Y F). 

Whenever F is the curvature 2-form of a principal S^-bundle E — > M, this Lie 
algebra is isomorphic to the Lie algebra XE S of invariant vector fields on E. 

4.3.2. Derived symmetries of R[2]-bundles. In the case that n = 2 and whenever 
6 = H is a closed three form, the derived algebra of (T[1]M © M[2],d + Hd t ) 
becomes the complex 

fl°M -A XM <> .1/ 

where the bracket [, J is precisely the i?-twisted Courant-Dorfman bracket of the 
exact Courant algebroid TM ®T*M (cf. 

4.4. Symmetries of R[2]-bundles over K[l]-bundles. For the M[2]-bundle over 
the M[l]-bundle 

V := ((T[1]M © E[l]) © R[2], Q v = d + Fd q + {H + qF)d t ) 
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as in chapter [3l we have that its differential graded Lie algebra of symmetries 
5tjm* (P,Qv) is defined by 

st)m* < - 2 (V,Q v ) = 

sX)m- 2 {V,Q v ) = {C°°M)d t 

sX)m~ l {V, Qv) = XM © [C°°M)d q © (O x M © C°°M)d t 
st)m°(V,Qv) = {3C G Vec\?{V)\[Qv,3£] -0} 

with differential [Qv , _] 

-> s*)m- 2 (V,Q v ) lQ ^ ] sx)m-\V,Qv) st)m°(V,Qv) 

and with bracket [, ] . 

The elements in st)m ('P, Q-p), which are the degree zero derivations that com- 
mute with Qv, are the elements 

% = C x + Ad q + (B + qA)d t G Vect°(V) 

such that [Q-p, 3C\ — 0, and this is equivalent to the equations 

dA - £ X F =0 

dB - C X H + f Al-4AF=0 

dA + £ X F =0. 

4.4. f. The differential structure. Vector fields of degree —2 will be denoted by hdt 
for h in C°°M and vector fields of degree —1 will be denoted by 

iY + fd q + (C + qf)d t 

with ly the contraction on the vector field Y of M,f,f in C°°M and C in CI M. 
Then acts as follows: 

[Q v , hd t ] =dhd t 
[Qv, ly + fd q + (C + qf)d t ] =£ Y + (df + L Y F)d q 

+ (dC + L Y H + Ff + fF)d t 
-q(df + L Y F)d t 
[Qv,C x +Ad q + {B + qA)d t ] =0 

4.4.2. The graded Lie algebra structure. The graded Lie algebra structure of stym*(V, Qv) 
is given by the following explicit formulas. 

For two degree zero derivations, the bracket is: 

[Cx + A d q + (B + qA )d t ,£ Xl + A x d q + [B x + qA 1 )d t ] = 

+(£x A 1 -£x 1 A )d q 
+ (£ Xo B 1 - £ Xl B + AoAi - A 1 A )d t 
+q(£ Xo A 1 - £ Xl A )d t 
and note that when Xo = = X\ the bracket simplifies to 

[A d q + {B + qA )dt,A 1 d q + (B\ + qA 1 )d t ] = (A A 1 - A x Ao)d t . 
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For two degree -1 derivations, the bracket is: 

Vy + fod q + (Co + qf )d t , i Yl + fid q + (& + qfi)d t ] = 

{ix Ci + l Xi C + Mi + hh)d t 

and the remaining two brackets are 

[C x + Ad q + (B + qA)d u L Y + fd q + (C+qf)d t ] = 

t[X,Y] 

+(Cxf-i Y A)d q 
+(£ x C-L Y B + Af-fA)d t 
+q(£ x f + L Y A)d t 
[C x + Ad q + (B + qA)d u hdt] = Cxhdt 

4.4.3. The derived dg-Leibniz algebra. The derived algebra is then 

Dsrjm (V,Qv) = | (C°°M)S t if k = -1 

where the differential becomes the De Rham differential, and the derived 

bracket is given by the formula 

(4-1) 

[tx + fod q + (Co + qfo)d t ,L Y + hd q + (d + qh)d t \ - 

t[X,Y] 

+ (Cx.fi - tydfo - i Y ixF) d q 

+(C X C 1 - L Y dC - l y l x H - L Y (Ff ) - i Y (f F) + (rf/o)/i + {ixF)f x + fidfo + fn x F)d t 
+q(C x .fi - t Y df - i Y i X F)d t 

and the extra action is given by the bracket 

[tx + fd q + (C + qf)dt, hd t \ = Cxhd t . 

Remark 4.3. Since (H + qF) is a closed 3-form on the dg-manifold £ = (T[l }M © 
K[l], = d + Fd q ), the previous derived algebraic structure is equivalent to the 
derived algebraic structure associated to (£ © R[2],Qf = (H + qF)dt) where the 
Courant-Dorfman bracket has the usual structure 

[(tx + fod q ) + (Co + qf )d t , (l y + hd q ) + (d + qh)d t \ = 

t[x,Y] + (X(h) - Y(.fo) - t Y i X F)d q 
+ [Qs,tx+fod q ](C 1 +qf 1 )d t 

~(tY+fld q )(Q £ (C Q + qfo))d t 

~(t Y + fid q )(tx + fod q )(H + qF)d u 

where we should think of Qs as the Dc Rham differential and of [Qs,tx + fod q ] as 
the Lie derivative. 
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4.5. Isomorphism of symmetries for T-dual pairs. Consider a T-dual pair of 
M[2]-bundles (£,V) and (£,V) with 

V = {{T[l]M © K[l]) © R[2],Q V = d + Fd q + (H + qF)d t ) 

V = {{T[1]M © E[l]) © R[2], Qp = d + Fd q + (H + qF)d t ) 

as in section 13.21 Consider the differential graded Lie algebras of symmetries 
5X)m* (V ,Qv) and 5V)m*(V,Qp) of both dg-manifolds and define the isomorphism 
of graded vector spaces 

$ :sxycn*{V,Q v ) stjm* (V , Qp) 
C x + Ad q + (B + qA)d t ^C x - Ad q + (B — qA)d t 
l>Y + fd q + (C + qf)d t ^l y + .fdq + (C + qf)O t 
hd t >-> hd t - 

A straightforward calculation shows that indeed the map $ is an isomorphism of 
differential graded Lie algebras. 

Theorem 4.4. Let (£,V) and (£,P) be T-dual dg-manifolds over M.. Then the 
map 

$ : st)m*{V } Q v ) -> stjm*(P, Qp) 

is an isomorphism of differential graded Lie algebras. In particular, the induced 
map 

D$ : Bsx)m*(V,Q v ) -> DsX)m*{V,Qp) 
on the derived dg-Leibniz algebras is also an isomorphism. 

The previous theorem implies the isomorphism of exact algebroids associated to 
twisted T-dual S 1 -principal bundles that was proved in [5j. Let us spell this out. 

4.5.1. T-duality isomorphism for exact Courant algebroids. Consider the S^-principal 
bundles E A M and E A M with associated curvature closed 2-forms F and 
F respectively, and consider S^-invariant and closed 3-forms rj € (f^j-E) s and 

fj E (^ei^) Sl such that V = k*H + 9 A tt*F and 77 = n*H + 6 A n*F where 9 and 9 
are connection 1-forms on E and E respectively. 

The choice of connections provide us with isomorphisms (TE)/S 1 = TMffi (dg), 
(TE)fS 1 ^ TM © (dg), (T*E)/S 1 = T*M © (9) and (T*E)/S 1 T*M © (6) 
where dg and dg denote the vector fields generated by the circle action on E and 
E respectively with period 1. A section of (TE © T*E)/S 1 can be written as 

X + fdg + C + f9 

where X is a vector field on M, f, f are functions on M and C is a 1-form on M, 
and therefore we can write the isomorphism 

* : T(TE © T*E) sl -> st)m°(V, Qp) 
X + fd e + C + f9^L X + fd q + (C + qf)d t 

which in view of Remark 14.31 it induces an isomorphism of Leibniz algebras 
* : {T(TE®T*E) sl ,[,],) 4 (sx)m (V , Q v ) , [,\) 
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where [,]rj is the ^-twisted Courant-Dorfman bracket. Obtaining the equivalent 
isomorphism for the dual 

* : (T(TE®T*E) s \l} n ) 4 (st)m°(P, Qp), U) 

x + fd s + c + fe ^l x + fd q + (c + qf)d t 

we conclude that 

Corollary 4.5. For the T- dual pair of principal S 1 -bundles (E,r)) and (E,fj) over 
M defined above, the composition 

It" 1 o $ o * : (T(TE © T*E) sl ->• T(TE © T*E) sl 

X + fd e + C + g6^X + gd§ + C + fO 

induces an isomorphism of Courant algebroids 

(Y(TE © T*E) sl , [, ]„) £ (T(TE © T*£) sl , [, 

4.6. Relation with exceptional generalized geometry. Exceptional general- 
ized geometry is an algebraic framework suited to the study solutions of M-theory 
with fluxes [ll|, [3] ■ In [lj] it is shown how the framework of the exceptional gen- 
eralized geometry can be obtained from certain properties associated to simple Lie 
algebras. Rather than reproducing what has been done in the above cited refer- 
ences, we will show how the symmetries of R[rt]-bundles over dg-manifolds provide 
an alternative way to obtain some of the algebraic structures that appear in 

4.6.1. B n generalized geometry. Consider a R[2]-bundle over a R[l]-bundle over M. 
which is T-dual to itself, that is 

V = {{T[1]M © R[l]) © R[2], d + Fd q + {H + qF)d t ) 

satisfying the equations dF = and dH + F A F = 0. 

Consider the sub-differential graded Lie algebra B* of stjm*^, Q-p) which consist 
of elements of the form 

Cx + Ad q + (B — qA)d t EB° 
LY + fd. + iC + qmeB- 1 
hd t e B- 2 

and note that the restrictions on A and B become the equations 

dA - C X F = and dB - C X H = 0. 
The Lie bracket on B° becomes 

[C Xo + A d q + (B - q Ao)dt,C Xl + Aid q + [B 1 - qAx)d t ] = 

£[x ,Xi] + {£x M - Cx 1 A )d q 
+{£ Xo B 1 - £ Xl B + 2A A 1 )d t 
-q(£x Ai - C Xl A )d t 
and therefore B° fits in the middle of the short exact sequence 
-> fi^M © n 2 cl M -4 B° -4 XM -4 0. 

If we denote 

(XJ,C) :=L X + fd q + {C + qf)d t 
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then the derived bracket on DB° becomes 

[(X, /, C), (Y, g, D)\ = {[X,Y], (C x g - C Y f - l y l x F), 

(C X D - L Y dC - iytxH - 2fi Y F + 2g Lx F + 2gdf)) 
and the pairing comes from the bracket of degree -1 derivations, i.e. 

((XJ,C),(Y,g,D))=L X D + L Y C + 2fg. 

The Lie algebra B° act on D£>° by the bracket [, ] and we see that closed 1-forms A 
and closed 2-forms B act as follows 

A(XJ 7 C) = (0,- Lx A,2Af) 

B(XJ,C) = (0,0, -i X B). 

Note furthermore that since the R[2]-bundle V is T-dual to itself, the automor- 
phism of differential graded Lie algebras $ : st)m*(V, Q-p) — > sX)m*(V, Qp) defined 
in section [4751 induces an automorphism D<1> : Dst)m* (V , Qp) — > Dst)m*(V, Qp) on 
the derived dg-Leibniz algebras. It is easy to see that the dg-Leibniz algebra DB* 
is precisely the fixed points of the automorphism D$. Finally, noting that the pre- 
vious algebraic structure on IM © C°°M © f^M is the structure underlying the 
B n generalized geometry that is defined in section 2.4 of [1], we conclude 

Theorem 4.6. The B n generelized geometry structure on 1M © C°°M © f2 1 M 
defined in section 2.4 of \m] twisted by the closed 2- form F and the 3- form H 
satisfying dH + F A F = 0, is isomorphic to the fixed sub dg-Leibniz algebra of fixed 
points of the T-duality automorphism of Courant-Dorfman algebroids 

D$ : Bsx)m*(V,Q v ) -)• Bsx)m*(V,Q v ) 

on the derived dg-Leibniz algebra of the symmetries of the self T-dual dg-manifold 

V = ((T[1]M © R[l]) © M[2], d + Fd q + (H + qF)d t ). 

In particular we note that the algebraic structure underlying the B n generalized 
geometry can be obtained as a sub-algebra of the algebraic structure underlying 
generalized geometry. 

4.6.2. Eq generalized geometry. Consider a M[6]-bundle over a R[3]-bundle over M. 
which is given by the data 

V = ((T[1]M © R[3]) © K[6], d + F$ q + (F 7 + q^-)d t ) 

for q a variable of degree 3, t a variable of degree 6, F4 a closed 4-form and F<j a 
7- form satisfying the equation dF-? + ^F^ A F4 = 0. 

Consider the sub-differential graded Lie algebra C* of stym*^, Q-p) which consist 
of elements of the form 

C x + A 3 d q + (B 6 -q^-)d t eC Q 
iy + oidq + {0-5 + gy)d t G (T 1 
m d q + (C 4 - q^-)d t G C- 2 

fd q + (D 3 + q t)d t eC- 3 
hd t G C<- 3 
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and note that the restrictions on A 3 and Bq become the equations 
dA 3 - C X F 4 = and dB 6 - C X F 7 = 0. 

If we denote 

0~ 2 

(X, cr 2 , er 5 ) := lx + 02<9g + (0-5 + ?y)3 t 
then the derived bracket on DC becomes 

[(X,a 2 ,<J 5 ),(Y,T 2 ,T 5 )\ = {[X,Y],{L X T2- LYCT2- lYixF 4 ), 

(C x t 5 - i Y da 5 - lyLxF-j - Uy{Fi A a 2 ) + (i X F 4 ) A r 2 + da 2 A r 2 )) 
and the pairing becomes 

({X, a 2 ,cr 5 ), (Y, r 2 , r 5 )} = (0, l x t 2 + l y <t 2 , l x t 5 + l y o^ + o 2 A t 2 ). 

The Lie algebra C° act on DC by the bracket [, ] and we see that closed 3-forms 
A3 and closed 6-forms Bq act as follows 

A 3 (X,a 2 ,a 5 ) = (0, -l x A 3 ,A 3 Act 2 ) 

B 6 {X,<j 2 ,<j 5 ) = {0,0, -l x B 6 ). 

The dg-Leibniz algebra DC* just defined is one piece of the algebraic structure 



defined on the exceptional generalized geometry framework [111 . |14| . The previous 
algebraic structure on XM © Vt 2 M © fl 5 M is the underlying algebraic structure of 
the Eq generalized geometry outlined in [l|, Chapter 11] 

4.6.3. We conclude this section by noting that the category of dg-manifolds pro- 
vides a natural framework for generalized geometry and for its exceptional relative. 
In particular we note that the derived algebraic structure obtained in the previous 
two sections satisfy the axioms of a dg-Leibniz algebra for they are constructed as 
derived differential graded Lie algebras. The derived brackets in section T4.6.2I may 
appear complicated at first sight, nevertheless they are the brackets that satisfy the 
desired properties (cf. [l], Chapter 11]). 
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